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Every central embedding problem over a local or global number field will 
become solvable after enlarging the kernel in a certain way. This leads us to define 
and estimate the index of such an embedding problem. Some applications are 
discussed 0 1989 Academic Press, Inc. 
1. WEAK SOLVABILITY OF CENTRAL EMBEDDING PROBLEMS 
Let (5 be a prolinite group. An embedding problem (G, A, (7)) for 8 
consists of a finite group G, an epimorphism n: 8 + G, a finite G-module 
A, and a 2-cocycle class (y)~ H’(G, A) defining a group extension 
1 + A + G(y) -+ G + 1. It is called solvable if there is a homomorphism 
$: 8 + G(y) such that + composed with the natural epimorphism 
G(y) + G yields K; Ic/ is also called a solution of the embedding problem. 
A solution is called proper if it is surjective. In this case G(y) is realized 
as a quotient group of (3% For a field k of characteristic 0 denote by 
Gk = Gal(lt/k) its absolute Galois group. It is well known that if k is a 
number field and t5 = Gk then the existence of a solution implies the 
existence of a proper solution (see Ikeda [I] or Hoechsmann [H, 6.7, 
p. 1011). We shall often use the following criterion for solvability (see [H, 
1.1, p. 821): 
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( 1.1) The embedding problem (G, A, (y)) for 6 is solvable if and only if 
(y) belongs to the kernel of the injlation map 
inf: H2(G, A) -+ H2(Q, A). 
In the following we consider central embedding problems of the form 
(G, C,, (y)) where G acts trivially on C, := (l/m)Z/E. Such an embedding 
problem is called weakly solvable if there is a multiple m’ of m such that 
the embedding problem (G, C,,,,, (y)) which is induced by the natural 
injection C, 4 C,, is solvable. Using ( 1.1) we easily obtain 
( 1.2) The following statements are equivalent : 
(a) H3(6, Z) = 0. 
(b) Every central embedding problem of the form (G, C,, (y)) for 6 is 
weakly solvable. 
For a proof rewrite [02, p. 227, lines 8-231. 
It is well known that H3(Gk, Z) = 0 if k is a local or global number field. 
In this case we define the index of (G, C,, (y )) to be the smallest multiple 
m’ of m such that the induced embedding problem with kernel C,, is 
solvable. 
2. THE GLOBAL INDEX 
Let k be a number field and let (G, C,,,, (y)) be a central embedding 
problem for Gk. Then its index divides a natural number n if and only if (y) 
is in the kernel of the composition of maps 
H2(G, C,) ‘ST, H2(G,, C,) & ff’(G/c, CA, 
the last map being induced by the natural injection C, cz C,. In order to 
estimate the index by a local-global method we proceed as follows: Let 
X(k; m) denote the kernel of the localization map 
H2(G,c, Cm) +n H’(Gc,, C,). D 
Using the global duality theorem (cf. Poitou [PI), we see that there is a 
canonical isomorphism 
>i 
k”“; 
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the last group is well known to have order dividing 2 (see Artin and Tate 
[A-T, p. 93 ff]). X(k; m is contained in the kernel of the map ) 
A,, : H*(Gc, Cm) + H*G, C,,) 
because on X(k; m) it dualizes the natural map 
(n k* r\ k:2”),/k*2” -+ (0 k* n k:“),/k’” 
Ll D 
which is trivial. This will show 
(2.1) The index of a central embedding problem (G, C,, (y)) is equal to 
either the 1.c.m. of the indices of all the corresponding local embedding 
problems (G,, C,, (yD)) or its multiple by the order of X(k; m). 
Proof: Using (1.1) we see that if X(k; m) = 0 a central embedding 
problem (G, C,, (7)) is solvable if and only if all the corresponding local 
embedding problems are solvable. If X(k; m) # 0 the same holds for the 
induced embedding problem (G, C2,,,, (y)). Now the assertion is obvious. 
Remark. It is well known that H3(Gk(S), Z) = 0 if Leopoldt’s conjec- 
ture holds for the pair (k, p) (see, e.g., Haberland [HA, 4.4, p. 46 ff] ). In 
this case we define the S-index of (G, C,,, (7)) to be the smallest p-power 
m’ = pp’, p < p’, such that the induced embedding problem with kernel C,. 
has a solution which is unramified outside S. According to Neukirch [N, 
(Kl), p. 1023, in the case where (G, C,,, (7)) is solvable, it has a solution 
which is unramilied outside S if and only if U”(m’) c k x m’ where for every 
natural number n 
U”(n) := {a E k x 1 (a) = a” for some ideal a of k, 
andaek,“” for all v E S>. 
This implies: If k = Q, then the S-index of every central embedding 
problem for Go(S) with kernel C,, is equal to its index. Similarly, if p is a 
regular prime and if k = Q(cPV) for some v where iPV is a primitive p” th root 
of 1, then the class number of k is prime to p (see Iwasawa [IW]), which 
shows that the S-index coincides with the index. 
So it seems natural to ask: Which number fields k do have the property 
that, given p and S, the S-index of every central embedding problem for 
Gk(S) with kernel C,, is equal to its index? We do not know the answer 
and leave this as an open problem. 
In the following we estimate the indices of central embedding problems 
and give some applications. 
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3. THE LOCAL INDEX 
In this section let K/k be a finite Galois extension of local number fields 
with group G= Gal(K/k). At first we estimate the index of a central 
embedding problem (G, C,, (y)) for a cocycle class (y) belonging to the 
kernel of the homomorphism 
iz : H2(G, C,) + H’(G, Q/Z) 
which is induced by the natural map i,: C, = (l/m)Z/Z cz Q/Z: It is 
sufficient to consider only powers of a fixed prime p, m = p’. Let p,,,(k) 
(resp. ,ua(k)) denote the group of roots of unity of order dividing m (resp. 
of order any power of p) contained in k. Denote by NK” the image of the 
norm map of K/k. For a given m, put 
m* := m if p,Jk) c NK”, 
m. h,(k): p,(k) n NK” 1 otherwise. 
Then we have 
(3.1) The index of a central embedding problem for a class in Ker iz is a 
divisor of m*. 
Proof Let rr,,,: Q/Z -+ Q/Z be the homomorphism defined by 
K,(X) = m . x, x E Q/Z. Then from the short exact sequence 
o+c,-‘-lr, Q/Z3 Q/Z+0 
we obtain the exact sequence 
HONG,, Q/Z) 3 Hom(G,, Q/Z) + H2(Gk, C,) 2 H2(Gk, O/Z) = 0. 
By local class field theory we see that the cokernel of ~2 is isomorphic to 
the dual group Horn&(k), Q/Z) of p,(k), dualizing the exact sequence 
1 -pL,(k)+kX 3 k”, 
where rrm(x)=xm, XE k”. Hence we have 
(3.2) H2(Gk, C,) is canonically isomorphic to the dual group of p,,,(k). 
If we apply a similar argument to G instead of Gk then we obtain an 
expression for the kernel of the map ix: H2(G, C,) + H’(G, Q/Z). It is 
easy to determine the image of Ker i,* by the inflation map 
inf,,, : H’(G, C,) -+ H2(G,, C,) in a straightforward way. Then we have 
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(3.3) The subgroup inf,(Ker iz) of H2(Gk, C,) is canonically 
isomorphic to Hom(,u,,,(k)/pt,(k) n NK” , Q/Z). 
For a multiple m’ = p”, e’ > e, of m = pe, it is also easy to see that the 
homomorphism 
‘* J * H*G, Cm) -+ H*G, Cm,,) m’,m
corresponds to the dual of the map z,,,,: p,.(k) -+ pm(k), n,.,,(x) = xm”“‘, 
x E p,,Jk). This proves (3.1). 
Now we treat embedding problems for classes (y) E H*(G, C,) such that 
i,*(y) #O. Denote the order of i,*(y) by m,; this is a divisor of m. Put 
v = v(K/k) := j,~~(k) n NK x / 
and 
m’ := l.c.m.(m, . v,m)=m,,m,.v. 
Then there exists a cocycle 5 E Z2(G, C,,) such that the embedding problem 
(G, C,,, (r)) is solvable, i.e., inf,,Jt) =O, and such that i,*,(r) = i$(jzO,m(Y)) 
in H*(G, Q/Z) (see [M-O, Theorems 1 and 21). Since inf,(j,*,,Jy) - (<)) 
= inf,,Jjz,.,(r)), the indices of the embedding problems for the two classes, 
.G,AY) - (5) andXi,,(y) coincide. It is clear by definition that the index for 
(y) divides that for j* mz,,(r). Therefore we can apply (3.1) toj,*,,,,(Y) - (5) E 
Ker i,$ to estimate the index for (y). Since m’ is a multiple of v, we have 
pm(k) =J p,(k) n NK”, and (m’)* = m,m,. lp(,(k)l. Thus we have shown 
(3.4) The index of (G, C,, (7)) for (Y)E H*(G, C,)-Ker i,* divides 
mlmo. bk&)l. 
4. A UNIVERSAL BOUND FOR THE GLOBAL INDEX 
Let K/k be a finite Galois extension of global number fields with Galois 
group G = Gal(K/k). Our results (2.1) and (3.4) yield an estimate for the 
index of any central embedding problem (G, C,, (7)) which depends only 
on k, on the set of primes of k which are ramified in KJk, and on m. 
Therefore we have 
(4.1) Let C be a finite set of places of the global number field k and let m 
be a positive integer. Then the indices of all central embedding problems of 
the form (G, C,, (y)) with G = Gal(K/k) and K/k unramified outside C 
divide a number which depends only on k, 22, and m. 
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5. ABUNDANT CENTRAL EXTENSIONS 
Let K/k be a finite Galois extension of global number fields with 
G = Gal(K/k) and let k,, (resp. M) be the maximal abelian extension of k 
(resp. the maximal central extension of K/k) in the algebraic closure of k. 
Then M/K. k,, is a finite Galois extension with Galois group isomorphic to 
the dual of H’(G, Q/Z) (see, e.g., [Ml]). A finite central extension L of 
K/k is called abundant if and only if Gal( L/L n K . kuh) is isomorphic to the 
dual of H2(G, Q/z). Using the Hochschild-Serre exact sequence it is easy 
to see that L is abundant if and only if the inflation map H*(G, Q/Z) -+ 
H’(Gal(L/k), Q/Z) is trivial (see, e.g., [Ml]). For (f) E H2(G, Q/h) denote 
by m((f)) the smallest exp(Gal(E/K)) h w  ere E runs over all finite central 
extensions of K/k such that (f) belongs to the kernel of the inflation map 
H2(G, Q/Z) + H2(Gal(E/k), Q/Z). If the order of (f) is m then we can 
choose a cocycle y E Z’(G, C,) representing the class (f), and m((f)) 
divides the index of the central embedding problem (G, C,, y) and our 
results (2.1) and (3.4) give an estimate for m((f)). This also yields an 
estimate for the smallest exp(Gal(L/K)) where L runs over all abundant 
central extensions of K/k because it is equal to the 1.c.m. of all m((f)), 
(f) E ff’(G, O/Z). . 
Remarks. (a) It is obvious that the estimate for m((f)) depends on 
the choice of y. 
(b) The estimates obtained by (2.1) and (3.4) are better than those 
given in [M2, Theorem 81, because [p,(k):p,(k)n NK”], which was 
defined in the previous section, divides the exponent of G,/[G,, G,], as is 
seen by local class field theory, and because the product of the exponents of 
G and of H*(G, O/Z) divides the order 1 G( (see, e.g., Huppert [HU, V, 
24.5(b), p. 6401). 
6. EMBEDDING PROBLEMS ASSOCIATED WITH 
THE OBSTRUCTION OF THE HASSE NORM PRINCIPLE 
Let K/k be a finite Galois extension of number fields with Galois group 
G = Gal(K/k), and let X = X(K/k) denote the obstruction to the Hasse 
norm principle; i.e., X is the kernel of the map of Tate cohomology groups 
H”(G, K”)+H’(G, K;), 
where K; is the idele group of K. As observed by Tate (see [T, p. 198]), 
X is dual to the kernel 2 = #(K/k) of the localization map 
H2(G, Q/Z) + II H2(G,, Q/Z). 
D 
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Furthermore, using the duality theorem, it was shown (see, e.g., [01]), 
that a finite central extension L of K/k is defined by 2 ; i.e., .X is contained 
in the kernel of the inflation map 
H2(G, Q/Z) + H2(Gal(L/k), Q/Z), 
if and only if the following is true: 
(6.1) An element x E k X which is a norm locally everywhere in L/k is a 
global norm in K/k. 
We define the index of the number knot X(K/k) of K/k as the number 
m(X) = m(X(K/k)) := Min(exp Gal(L/K)j L is defined by #(K/k)}. 
This is clearly the 1.c.m. of all m(f)) where (f) runs over all elements in .%. 
Therefore we can estimate the index m(X) by (2.1) and (3.1). 
Now suppose that G is abelian. It is well known (see, e.g., [Y J, Sect. 2), 
that in this case H2(G, Q/Z) can be identified with the group of symplectic 
pairings on G, i.e., H2(G, Q/Z) N (G A G) I\, by sending a class (f) E 
W2(G, Q/Z) of order m to the pairing 
q/~:GxG+C,, +/,(x> Y) :=f(x, Y) -f(v, xl, x, YE G. 
Therefore, if the order of G is odd, every (f) E H2(G, Q/Z) can be represen- 
ted by the cocycle 
y:GxG+C,, Yb, Y) = tqf,(x, Yh x, LEG. 
If the order of G is even, then we choose a bilinear pairing y : G x G -+ C,, 
such that o (fj = wcyj and represent (j) by y. Any such representation of (f) 
is called a standard representation. 
(6.2) Let K/k be a finite abelian extension of number fields with Galois 
group G = Gal(K/k). Suppose that (f) E H has order m. Then every standard 
representation of (f) d f e mes a finite central group extension of G-with 
kernel C, if m is odd and with kernel C2,,, if m is even-which splits locally 
everywhere. 
Proof If m is odd, the assertion follows directly from the fact that 
(f) E X’ and from the definition of the standard representation. If m is 
even, we choose, for every place v of k with an extension ii to K, a function 
~1,: G, + Q/Z such that 
Y(A Y) = a,(x) + a,(Y) - a,(~. YX x, YEG~ 
Ml/31/2-8 
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and compute 
2m,a,(x)=2.[y(x,x)+y(x,xZ)+ ... +y(x,x”-l)] 
=m(m-l).y(x,x)=O 
for all x E G, . 
Combining this with (2.1), we obtain 
(6.3) Let K/k be a finite Galois extension of number fields such that 
G = Gal(K/k) is abelian. Then S(K/k) defines a finite central extension L of 
K/k such that 
(i) exp(Gal(L/k)) =exp(G) if [K:k] is odd; 
(ii) exp(Gal(L/k)) = 2. IX(k; 2 .exp(X))l .exp(G) if [K:k] is eoen. 
Note that IX(k; m)j ~2, and = 1 if 0~ K, for example. We can 
immediately generalize (6.3) by using Holt’s results [HO, Corollary to 
Theorem 2 and Lemma 23 : 
(6.4) Let K/k be a fmite Galois extension of number fields such that 
every Sylow subgroup of Gal(K/k) is abelian. Then the conclusion of (6.3) 
holds for K/k. 
7. THE NORM EXPONENT IN GALOIS EXTENSIONS 
OF NUMBER FIELDS 
Again let K/k be a finite Galois extension of number fields with 
G = Gal(K/k). We call the number 
?-=A(K/k) :=exp(k”/N,,K”) 
the norm exponent of K/k. When K/k is a Galois extension of local fields, 
this and even the quotient group k “INK” is well known by local class field 
theory. In the global case, however, the structure of the quotient group is 
not clear; and it seems natural to determine 1= A(K/k). It is obvious that ,J 
is a multiple of the local norm exponent, exp(k,“/NK,” ), for every place L) of 
k and 6 of K over D. By Tschebotarev’s density theorem, therefore, we see 
(7.1) The exponent A(Kjk) is a multiple of exp(G). 
An obvious upper bound for A is the degree [K: k] = ]G]. The purpose of 
this section is to give better upper bounds for J.. These will depend on the 
obstruction X(K/k) to the Hasse norm principle for K/k. For instance, 
using the local reciprocity map, we obtain 
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(7.2) if the Hasse norm principle holds for K/k, then A(K/k) is equal to 
expW. 
In general we use the fact that there is a finite central extension L of K/k 
with the following property (see (6.1)) : 
(7.3) Every x E k X which is a norm locally everywhere in L/k is a global 
norm in K/k. 
We define ,u = u(K/k) to be the minimum of all exp(Gal(L/k)) where L 
runs over all central extensions of K/k satisfying (7.3), and observe 
(7.4) The norm exponent I(K/k) divides p(K/k). 
Proof Choose L satisfying (7.3) such that u(K/k) =exp(Gal(L/k)). 
Using the Tschebotarev density theorem and local class field theory, we see 
that p is the 1.c.m. of all local norm exponents &(K/k) := 
exp(k,“/N,,,,D(L& )) where D runs over all places of k and 5 denotes an 
extension of u to L. The assertion is now obvious because L has the 
property (7.3). 
This estimate together with (6.3) implies 
(7.5) Let K/k be a finite Galois extension of number fields such that all 
of the Sylow subgroups of Gal(K/k) are abelian. Then A(K/k) is equal to the 
exponent of the group Gal(K/k) if [K : k] is odd, and divides, in any case, 
4 .exp(Gal(K/k)). 
Proof: Let Glp’ be a p-Sylow-subgroup of G=Gal(K/k). Since the 
restriction map LP’(G, K x ) + H”(G (P), K x ) is injective on the p-part of 
@(G, K x ), we may assume that G itself is abelian. Using (6.3), we see that 
there is a finite central extension L of K/k satisfying (7.3) such that 
exp( Gal( L/k)) = exp( G) if [K : k] is odd, and exp(Gal(L/k)) 14. exp(G) if 
[K: k] is even. The assertion is then obvious from (7.4). 
Using the transitivity of the norm map we obtain from (7.5) estimates for 
the norm exponents of solvable extensions in terms of the length and the 
chief factors of a series of normal subgroups with abelian quotients. 
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